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Abstract
There are different concepts regarding to tree decomposition of a graph
G. For the Hypercube Qn, these concepts have been shown to have many
applications. But some diverse papers on this subject make it difficult to
follow what is precisely known. In this note first we will mention some
known results on the tree decomposition of hypercubes and then introduce
new explicit constructions for the previously known and unknown cases.
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1 Introduction and preliminaries
There is much interest in the theoretical study of the structure of hypercubes be-
cause their structure has played an important role in the development of parallel
processing and is still quite popular and influential. As a graph the n-cube or n-
dimensional hypercube Qn is a graph in which the vertices are all binary vectors
of length n, and two vertices are adjacent if and only if the Hamming distance
between them is 1, i.e. their components differ in one place. There are many chal-
lenging conjectures about hypercubes. Qn is also defined recursively in terms of
the cartesian product of two graphs [6] as follows:
Q1 = K2
Qn = K2Qn−1.
∗The research of this author is partially supported by a grant from the INSF.
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There are different concepts regarding to tree decomposition of a graph G. These
concepts have been shown to have many applications including for the hypercube,
Qn (see [5], [8] and [11]). Here we mention some of these concepts as follows.
The arboricity, arb(G), of a graph G is the minimum number of edge-disjoint
forests into which G can be decomposed. A family of subtrees of a graph G
whose edge sets form a partition of the edge set of G is called tree decomposi-
tion of G. The minimum number of trees in a tree decomposition of G is called
the tree number of G and denoted by τ(G). Since each forest on |V | vertices
has at most |V | − 1 edges, ⌈|E(G)|/(|V (G)| − 1)⌉ is a trivial lower bound for
both the arboricity and the tree number of G. The arboricity is clearly a lower
bound for tree number. Another related decomposition parameter for a graph G
is the spanning tree packing number denoted by σ(G), is the maximum number
of edge disjoint spanning trees contained in G. In an analogous way for a graph
G, ⌊|E(G)|/(|V (G)| − 1)⌋ is a trivial upper bound for σ(G). So we have the
following inequalities:
σ(G) ≤
⌊ |E(G)|
|V (G)| − 1
⌋
≤
⌈ |E(G)|
|V (G)| − 1
⌉
≤ arb(G) ≤ τ(G). (1)
There are quite few diverse papers on this subject about Qn which makes it dif-
ficult to follow what is precisely known. For example, recently in a note Wagner
and Wild [10] stated that “For evenn, an explicit construction of n/2 edge-disjoint
spanning trees in Qn appears in [1]. These trees are not isomorphic. There are
n/2 leftover edges, which form a path. For odd n, an explicit construction has not
yet been found”. In this note we summarize some known results on the tree de-
composition of hypercubes and introduce explicit constructions for the previously
known and unknown cases.
2 Tree packing number
The motivation of finding the maximum number of edge-disjoint spanning trees
arises in the context of developing efficient routing algorithms such as wormhole
routing in distributed memory parallel multicomputers [11].
Tutte (1961) and Nash-Williams (1961) independently proved the same suffi-
cient conditions for the existence of k edge-disjoint spanning trees. The following
corollary can be deduced from their result:
Corollary 1 ([2] page 572) Every 2k-edge-connected graph contains k edge-
disjoint spanning trees.
From Corollary 1, it is easily deduced that σ(Qn) = ⌊n/2⌋, also in [7] by using
an observation of Paul Catlin, the spanning tree packing number for several family
of graphs including hypercubes, is determined.
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Corollary 2 The spanning tree packing number of Qn is ⌊n/2⌋.
Proof. Since the hypercube Qn is n-connected, by Corollary 1 σ(Qn) ≥ ⌊n/2⌋.
On the other hand by the upper bound that was mentioned in the previous section
we have σ(Qn) ≤ ⌊n2n−1/2n − 1⌋ = ⌊n/2⌋. So σ(Qn) = ⌊n/2⌋.
The number of uncovered edges in the tree packing of Corollary 2, is k if n = 2k,
and is 22k + k if n = 2k + 1. The structure of uncovered edges is not clear in
these cases, but Catlin [3] has a result similar to Corollary 1 which shows that any
set of k edges in G can be the set of leftover edges.
Theorem A ([3], page 182) Let G be a graph and let k ∈ N. Then G is 2k-edge-
connected if and only if for any set Ek of k edges of G, the subgraph G \ Ek has
at least k edge-disjoint spanning trees.
In the following theorem Barden et al. give a construction of edge-disjoint span-
ning trees for Q2k.
Theorem B ([1], page 15) Let Q2k denote a hypercube of dimension 2k. Then k
edge-disjoint spanning trees can be embedded in Q2k, with the remaining k edges
forming a path.
Wagner and Wild in [10] referred to Theorem B and stated that: “For odd n,
an explicit construction has not yet been found”. In the next section we give a
construction for such n.
3 Arboricity and tree number
The arboricity of a graph is a measure of how dense the graph is. This invariant
plays a significant role in bounding the complexity of certain algorithms, some of
those are presented in [5].
An exact formula for arboricity is due to Nash-Williams (1964):
Theorem C ([5], page 240) For any graph G with at least one edge,
arb(G) = max
H⊆G
⌈ |E(H)|
|V (H)| − 1
⌉
,
where the maximum is taken over all nontrivial subgraphs H ⊆ G.
In [4] it is shown that arboricity for general graphs can be calculated by a polynomial-
time algorithm but in this section we consider simple constructions for hyper-
cubes.
3
In the following theorem, Truszczyn´ski (1988) shows an exact value of a tree
number for hypercubes.
Theorem D ([9], page 279) If G = Cm1Cm2 · · ·Cmn then τ(G) = n+ 1.
If G = Pm1Cm2 · · ·Cmn then τ(G) = n. In particular, τ(Qn) = ⌈n+12 ⌉.
The following corollary follows easily.
Corollary 3 The arboricity of hypercube Qn is ⌊n/2⌋+ 1.
Proof. From Inequalities (1) and Theorem D we have arb(Qn) ≤ ⌈n+12 ⌉ =
⌊n2 ⌋+1. So it suffices to prove the other side. Since each forest of Qn has at most
2n−1 edges, so by Theorem C we have arb(Qn) ≥ ⌈n2
n−1
2n−1 ⌉ = ⌈
n
2 (1+
1
2n−1 )⌉ ≥
⌊n2 ⌋+ ε, where ε > 0. Thus arb(Qn) ≥ ⌊
n
2 ⌋+ 1.
The construction in the proof of Theorem D for the arboricity of hypercube, gives
a decomposition of edges into trees where only one of them is a spanning tree.
Here we will introduce a construction with the maximum possible number of
spanning trees.
ForQ2k, Theorem B gives a construction for arboricity with ⌊n/2⌋ spanning trees
and a path of length k. In the next theorem by a similar method we consider a
new construction for Q2k which can be extended to a construction for Q2k+1,
with maximum possible number of spanning trees and also a construction for its
arboricity.
Theorem 1 The hypercube Q2k may be decomposed into k edge-disjoint span-
ning trees and a matching of size k.
Proof. By induction on k. For k = 1, the 2-dimensional hypercube Q2, contains
one spanning tree and a matching of size 1. Assume the theorem holds for every
even number n ≤ 2k, we construct a decomposition of 2(k + 1)-dimensional
hypercube, Q2(k+1), with k + 1 spanning trees such that the remaining edges
make a matching of size k+1. Since Q2(k+1) = Q2Q2k, it can be decomposed
into four 2k-dimensional hypercubes, Q(i)2k , 1 ≤ i ≤ 4, such that the pairs
{Q
(1)
2k , Q
(2)
2k }, {Q
(1)
2k , Q
(4)
2k }, {Q
(2)
2k , Q
(3)
2k }, and {Q
(3)
2k , Q
(4)
2k } are connected to each
other. For example this connection for {Q(1)2k Q
(2)
2k } is such that every vertex in
Q
(1)
2k is adjacent to its corresponding vertex in Q(2)2k . We denote the set of edges
between Q(1)2k and Q
(2)
2k by M (1,2). It is a matching of size 22k. In a similar way
M (2,3), M (3,4) and M (1,4) are defined. By the induction hypothesis for Q(1)2k , we
have a decomposition, say{
T (1) = {T
(1)
1 , T
(1)
2 , ..., T
(1)
k }
I(1) = {e
(1)
1 , e
(1)
2 , ..., e
(1)
k },
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where T (1) is the set of k spanning trees and I(1) is the set of k remaining in-
dependent edges. We denote the corresponding decomposition in other Q(i)2k ’s,
i = 2, 3, 4, as: {
T (i) = {T
(i)
1 , T
(i)
2 , ..., T
(i)
k }
I(i) = {e
(i)
1 , e
(i)
2 , ..., e
(i)
k }.
So for each j, 1 ≤ j ≤ k, e(1)j and e
(2)
j , are two corresponding edges in Q
(1)
2k and
Q
(2)
2k . They are connected with two edges of M (1,2). We choose one of those two
edges, and denotes it by f (1,2)j . Let F (1,2) denote the set of k chosen f
(1,2)
j ’s. In
a similar way F (2,3), F (3,4) and F (1,4) are defined.
First we construct k − 1 spanning trees as follows. Consider the four spanning
trees T (i)1 of Q
(i)
2k , 1 ≤ i ≤ 4, and connect them by using f
(1,2)
1 , f
(2,3)
1 and
f
(3,4)
1 . It is clear that the resulting subgraph is a spanning tree of Q2(k+1), let it be
T̂1. In a similar way T̂2, ..., T̂k−1 are constructed. Now consider the tree T (1)k , and
the sets I(2), I(3) and I(4). Connect them by using M (1,2)\F (1,2), M (2,3)\F (2,3)
and M (3,4) \ F (3,4). The resulting subgraph is a spanning tree, let T̂k denote this
tree.
The last spanning tree, T̂k+1, is constructed by the union of T (2)k , T
(3)
k , T
(4)
k , and
the set M (1,4) and two edges, f (1,2)k and f
(3,4)
k . Finally the set I(1) ∪ {f
(2,3)
k }
makes a set of k + 1 independent edges of Q2(k+1).
To show that the three kinds of edge sets T̂j(1 ≤ j ≤ k− 1), T̂k, T̂k+1 are indeed
spanning trees of Q2(k+1), it suffices to show that each edge set is incident with
all 22k+2 vertices and each edge set has cardinality 22k+2 − 1. The first, takes
place obviously in all three cases, and for the second we have
|E(T̂j)| = 4(2
2k − 1) + 3 = 22k+2 − 1, (1 ≤ j ≤ k − 1),
|E(T̂k)| = (2
2k − 1) + 3(22k − k) + 3k = 22k+2 − 1,
|E(T̂k+1)| = 3(2
2k − 1) + 22k + 2 = 22k+2 − 1.
Theorem 2 The hypercubeQ2k+1 may be decomposed into k edge-disjoint span-
ning trees with the remaining edges forming a forest with k components.
Proof. The hypercube Q2k+1, consists of two copies of 2k-dimensional hyper-
cubes, Q(1)2k and Q
(2)
2k , with a perfect matching between them. We consider defini-
tions and notations introduced in the proof of Theorem 1 for the hypercubesQ(i)2k ,
i = 1, 2, and also the construction for the decomposition of hypercubes Q2k. At
first we find k spanning trees forQi2k’s. We may assume Q
(i)
2k , i = 1, 2, has the set
{T
(i)
1 , . . . , T
(i)
k } of spanning trees. Consider the union of trees T
(1)
1 and T
(2)
1 , and
the edge f (1,2)1 . Clearly this is a spanning tree for Q2k+1, let it be T̂1. In a similar
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way construct T̂2, . . . , T̂k−1. The spanning tree T̂k is constructed by the union of
T
(1)
k , M
(1,2) \F (1,2), and the set I(2). At last the set I(1)∪{f (1,2)k }∪T
(2)
k makes
a forest with k components.
Remark 1 Note that the existence of maximum spanning tree decomposition of
Qn can be deduced from Theorem A, but our results are constructive.
Remark 2 Using the construction of Theorem B, by the same method as in the
proof of Theorem 2, a set of k edge-disjoint spanning trees for Q2k+1 can be
deduced. But the remaining edges will not necessarily be a forest.
Problem 1 It will be interesting to try to find a construction for Catlin’s Theo-
rem A.
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